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A batch � lter has been designed to autonomouslyestimate the orbit of a spacecraft using only sensor data from an
onboard magnetometerand sun sensor. The goalhas been to prove the feasibility of a proposed low-cost, moderate-
accuracy autonomous orbit determination system. The system uses a batch � lter to estimate the Keplerian orbital
parameters, a drag parameter, magnetometer biases, and corrections to the Earth’s magnetic � eld. It does this
by minimizing the square errors between measured and estimated values of two quantities, the Earth’s magnetic
� eld magnitude and the cosine of the angle between the sun vector and the Earth’s magnetic � eld vector, both
measured at the spacecraft. The proposed system is observable, and reasonable accuracy is obtainable. Given a
magnetometer with a 10-nT 1-¾ accuracy and a sun sensor with a 0.005-deg 1-¾ accuracy, the system can achieve
1-¾ position accuracies on the order of 500 m for inclined low Earth orbits.

I. Introduction

K NOWLEDGE of orbit and position is a requirement of virtu-
ally all spacecraft missions. There exist many orbit determi-

nation systems.Traditionalsystems rely on ground-basedrange and
range-rate data to observe the orbit and position, as in Ref. 1. Au-
tonomous orbit determination systems use only measurements that
are available onboard a spacecraft. References 2–9 discuss various
autonomous orbit determination schemes. The global positioning
system (GPS) provides the possibility of a semiautonomous sys-
tem. A spacecraft can determine its orbit solely from the positions
and velocities that it gets from its GPS receiver. This is not truly
autonomous because the spacecraft relies on signals from the GPS
system. Furthermore, to get the best possible accuracy, differen-
tial GPS is needed, which relies on ground-basedmeasurements as
well.10

Different systems have widely different accuracy levels. Current
ground-basedsystems can achieve position accuracies on the order
of several centimeters.1 GPS-based systems can have position ac-
curacies ranging from about 100 m down to 0.1 m, depending on
whether or not differential GPS is being employed or the GPS sig-
nal has been intentionallydegraded for non-U.S.-military users.2;10

The truly autonomous systems advertise various levels of accuracy,
ranging from 50 km down to 1 km or better. Many such systems
have been studied only via simulation; thus, their true accuracies
are not yet known.

Even though GPS provides a low-cost and relatively accurate
means of semiautonomous orbit determination, there is still a need
for a truly autonomousorbit determinationcapability.Military satel-
lites may need to be able to maintain orbit knowledge in the face of
jamming, destruction of orbit determination infrastructure such as
the GPS system, or both. Civilian satellites might not want to de-
pend on GPS due to political reasons. A satellite program may not
want to add the weight and power consumptionof a GPS receiver if
the spacecraft already has a compliment of sensors that can be used
to determine its orbit.

The aims of the present work are to prove the observability of
a new autonomous spacecraft orbit determination system and to
estimate its likely accuracy. The new system can operate in a low
Earth orbit (LEO). It uses only a 3-axes magnetometer and a sun
sensor, both onboard the spacecraft. In addition to estimating the
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spacecraft’s orbit, the system also estimates the magnetometer’s
biases and corrections to a model of the Earth’s magnetic � eld.

The proposed system is the latest in a sequence of systems that
base their orbit determination capability on measurements of the
Earth’s magnetic � eld.4;6¡9 The original idea, as introduced by
Psiaki and Martel4 and Psiaki et al.,6 was to compare onboard mea-
surements of the Earth’s magnetic � eld magnitude with a spherical
harmonic model of that � eld. Any deviations were used to correct
the orbit parameters. Using various � lter designs, this basic sys-
tem has been tested on � ight data by Psiaki et al.,6 Shorshi and
Bar-Itzhack,8 and Wiegand.9 Achieved steady-state accuracies in
these studies rangedfrom 8 to 125 km. Accuracywas stronglyin� u-
encedby theEarth � eldmodel’s accuracy6 andby � eldmeasurement
accuracy.6;8;9 Shorshi and Bar-Itzhack8 also testeda systemthatuses
attitudedata. It achieved accuracieson the order of 10–35 km when
tested with real � ight data.8

Psiaki7 attacked the problem of inaccuracy in the Earth � eld
model by developing a system that estimates corrections to this
model while estimating the spacecraft orbit. To make the orbit and
� eld model coef� cients simultaneouslyobservable, this system in-
cluded a 3-axes star sensor in addition to a 3-axes magnetometer.
Simulationresultspredicteda systemaccuracyon the orderof 300m
or better when using an accurate magnetometer and star sensor. If
achievable in practice, this would be a dramatic accuracy gain over
previous magnetometer-basedsystems, but the requirement of hav-
ing an accurate 3-axes star sensor is a signi� cant drawback of the
system.

The present work is an extension of the work of Ref. 7. The new
idea is to replace the 3-axes star sensor with a sun sensor. This
would make the system much more economical. In fact, many mis-
sions already include a sun sensor and a magnetometer for attitude
determination and control purposes. If the presently proposed sys-
tem proved feasible, then it could be included on many missions at
the cost of nothing more than some � oating-point operations and
memory in the � ight computer.

There are three important questions in the present study. One is
whether the spacecraft orbit and the magnetic � eld model coef� -
cients remain simultaneously observable in a practical sense when
only two axes worth of inertial attitude data are available; a sun
sensor provides only two axes worth of data. If observabilityholds,
then the other importantquestionsare: What orbit/positionaccuracy
might be achievableby such a system, and how does the achievable
accuracy depend on orbit and system characteristics?

One might questionwhy Earth horizon scanner data was not con-
sidered also. The reason is that inertial attitude information cannot
be inferred from the Earth’s horizon without prior knowledge of
the orbit. Therefore, this type of data was deemed unlikely to aid
in making the system fully observable. Despite its not having been
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considered,it must be admitted that incorporationof suchdatamight
further improve system accuracy.

An added bene� t of the proposed system may accrue to the atti-
tude determination system. The Earth’s magnetic � eld is typically
not as accurate an attitude reference as the sun or the Earth limb.
This is due to � eld model uncertainty. If the presently proposed
system proves successful, then its magnetic � eld model corrections
could be used to improve the magnetic attitude reference. If the im-
provements were signi� cant enough, then a horizon sensor might
not be needed.

The present paper draws heavily on the methodology, models,
and mathematicsof Ref. 7. To conservespace, equationsand models
used in the present work will not be presented here if they can be
found in that reference. Instead, the relevant equation number or
section of that reference will be cited.

The remainder of this paper consists of � ve sections plus conclu-
sions. Section II describes the batch � lter that is used to estimate the
orbit and the � eld model coef� cients. The section describesthe esti-
mation vector, the orbitaldynamicsmodel, the measurementmodel,
the least-squarestechniqueused to solve the problem, and a statisti-
cal model of the � lter’s inputs and outputs.Section III describes co-
variance analysis and how it has been used to evaluate the proposed
system.Section IV describesa truth model and how it has been used
to test the � lter. Section V discusses the results of the analyses that
are de� ned in Secs. III and IV. Section VI discusses computational
practicalities such as execution speed and convergence robustness.
Section VII presents the conclusions.

II. Batch Filter Design
A. Estimation Vector

The batch � lter estimates a vector of quantities that de� ne the
spacecraftorbit and correctionsto the Earth’s magnetic � eld model.
Exactly as in Ref. 7, that vector is de� ned to be

p D M0; M1; M2; e; !0; ¸0; i; bx ; by ; bz;

q0
1 ; q1

1 ; s1
1 ; Pq0

1; Pq1
1; Ps1

1; Pg0
1; Pg1

1; Ph1
1; 1g0

1 ; 1g1
1 ;

1h1
1; 1g0

2 ; 1g1
2 ; 1h1

2; 1g2
2 ; 1h2

2; 1g0
3 ; : : : ; 1hN

N

T
(1)

These estimated quantities can be broken down into three main
categories: the components that de� ne the orbit, elements 1–7; the
magnetometer biases, elements 8–10; and the corrections to the
Earth’s magnetic � eld, elements 11 and up.

The orbital and magnetometerbias estimation parameters are de-
� ned as follows: M0; M1; e; !0; ¸0 , and i are standard Kepler ele-
ments. They are, respectively,the mean anomaly at epoch, the mean
motion at epoch, the eccentricity, the argument of perigee at epoch,
the longitude of the ascending node at epoch, and the inclination.
M2 .D PM1=2/ is not a standard Kepler element; it constitutes an
approximate way to model one of the main effects of drag. The
magnetometer biases are bx ; by , and bz , all measured in spacecraft-
� xed coordinates.

The � eld correction elements in p are 1) coef� cients in a spher-
ical harmonic expansion, 2) time rates of change of coef� cients,
or 3) perturbations of coef� cients. The coef� cients q0

1 ; q1
1 , and s1

1
are from a � rst-order external ring current model at epoch, and the
correspondingrate terms, Pq0

1; Pq1
1 , and Ps1

1, allow a constant time rate
of change of the ring current, consistent with postmagnetic-storm
� eld activity.The rate terms Pg0

1; Pg1
1, and Ph1

1 allow for an inducedtime
variation of the � rst-degree coef� cients of the internal � eld, which
is consistentwith the normal effects of an external ring current. The
rest of the p vector’s elements, 1g0

1 ; : : : ; 1h N
N , are coef� cient per-

turbations.They account for uncertainty in the main internal spher-
ical harmonic � eld model at epoch as given by some standard � eld
model such as the InternationalGeomagnetic Reference Field for a
particular half decade.11 These perturbations go up to N th degree
and N th order.

The lengthof theestimated p vectoris (19 C N 2 C 2N ). If N D 10
is used for the magnetic � eld model perturbations, then p has 139

elements. Many of the cases consideredin Sec. V correspondto this
size p vector.

B. Model of Orbital Motion
The batch � lter uses a physics-basedmodel of the orbital dynam-

ics. It gives the geocentric position time history as a function of the
Kepler elements at epoch and a drag parameter.The model takes the
form

µ D µ.1tI M0; M1; M2; e; !0; ¸0; i/ (2a)

Á D Á.1tI M0; M1; M2; e; !0; ¸0; i/ (2b)

r D r.1tI M0; M1; M2; e; !0; ¸0; i/ (2c)

where 1t is the time since epoch, µ colatitude, Á longitude, and r
geocentric radius. This is the same model form as has been used
in Ref. 7. Note that there is nothing special about using the Kepler
elements at epoch as componentsof the estimationvector.Cartesian
position and velocity at epoch could have been used in place of the
Kepler elements.

Models of varyingdegreesof � delity can be formally represented
by the form of Eqs. (2a–2c). A high-� delity model would use a
number of terms in the spherical harmonic expansion of Earth’s
gravity � eld, an accurate atmospheric model, and solar and lunar
gravity perturbations, to mention a few of the effects. These added
complexities can be important when � ltering actual � ight data, but
they are not important to the question of whether the system at
hand is observable in a practical sense. Therefore, a relatively sim-
ple orbital model has been used. It only includes gravity terms out
to the J2 term, and even then only the secular J2 effects are in-
cluded. The drag model only includes the effects on altitude and
mean motion. This simpli� ed model is given in the Appendix of
Ref. 7.

C. Model of Sensor Measurements
The sensors available to the system are a 3-axes magnetometer

and a 2-axes sun sensor. In the discussionthat follows, suppose that
the measured magnetic � eld vector at sample time 1tk is Bmes.k/

and that the measured sun direction unit vector at the same sample
instant is Osmes.k/, with both expressed in spacecraft coordinates.

Two Pseudomeasurements and Their Statistics
The measurements have been manipulated to yield pseudomea-

surements that retain all of the position/orbit information of the
original measurements but that are independent of spacecraft atti-
tude. This independenceallows decouplingof the attitude and orbit
determination problems. The two useful pseudomeasurements are
the measured magnitude of the Earth’s magnetic � eld vector and
the measured cosine of the angle between the Earth’s magnetic � eld
vector and the sun direction vector. The � rst pseudomeasurement
is independent of attitude because the length of a vector does not
dependon the particularcoordinatesystem that is used to express its
components. Similarly, the second pseudomeasurement is attitude
independent because the angle between two vectors is independent
of which common coordinate system is used to express their com-
ponents.

The two pseudomeasurements can be expressed in terms of the
actual measurements as follows:

y1mes.k/. p/ D Bmes.k/ ¡ b
T

Bmes.k/ ¡ b (3a)

y2mes.k/. p/ D
OsT
mes.k/ Bmes.k/ ¡ b

y1mes.k/. p/
(3b)

where b D [bx ; by ; bz]T is the estimated magnetometer bias vector
in spacecraft coordinates. Its inclusion in these formulas is why the
pseudomeasurements depend on p. The magnetic � eld magnitude
y1mes is the same pseudomeasurementas was used in Ref. 6.
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At times, the sun vector measurement Osmes.k/ may be unavailable.
This could be caused by an eclipse of the sun by the Earth during
part of the orbit. Alternatively, the spacecraft attitude may be such
that the sun is outsideof the � eld of view of the sun sensor. In either
case, pseudomeasurement y2mes.k/ will be unavailable.

Measurement error models for the pseudomeasurements can be
derived from error models for the actual measurements. Suppose
that the error models of the actual measurements are

Bmes.k/ D Bact.k/ C b C nB.k/ (4a)

Osmes.k/ D Osact.k/ C ns.k/ (4b)

where Bact.k/ is the actual magnetic � eld vector in spacecraft coor-
dinates, Osact.k/ is the actual sun direction unit vector in spacecraft
coordinates, and nB.k/ and ns.k/ are random, Gaussian, zero-mean,
uncorrelated,discrete-time white noise measurement error vectors.
All of these vectors correspond to sample time 1tk . The statistics
of the noise vectors are

E nB.k/ D 0; E nB. j /nT
B.k/ D I¾ 2

B ± jk (5a)

E ns.k/ D 0; E ns. j/nT
s.k/ D I ¡ Osact.k/ OsT

act.k/ ¾ 2
s ± jk (5b)

E nB. j/nT
s.k/ D 0 (5c)

The term .I¡ Osact.k/ OsT
act.k// is includedin Eq. (5b) so that, given the

normalization OsT
act.k/

Osact.k/ D 1, ns.k/ will be perpendicular to Osact.k/,
and Osmes.k/ will retain its normalization to � rst order in ns.k/. That
ns.k/ is perpendicular to Osact.k/ is demonstrated by the argument

E OsT
act.k/ns.k/

2 D E OsT
act.k/ns.k/nT

s.k/ Osact.k/

D OsT
act.k/ I ¡ Osact.k/ OsT

act.k/ ¾ 2
s Osact.k/ D 0

This expectation value is zero if and only if OsT
act.k/

ns.k/ D 0. The
normalizationof Osmes.k/ to � rst order in ns.k/ is derivable as follows:

OsT
mes.k/ Osmes.k/ D OsT

act.k/ Osact.k/ C 2OsT
act.k/ns.k/ C nT

s.k/ns.k/ D 1 C nT
s.k/ns.k/

where the last result follows from the normalizationof Osact.k/ and the
orthogonalityof ns.k/ and Osact.k/.

Note that the magnetometer model in Eq. (4a) includes only two
types of errors, a bias and a Gaussian white-noise component. It
has been suggested that a Markov process be included, if not in
the � lter, then at least in any truth model. The current model can be
consideredas the sumof two Markovprocesses,one with a very long
correlationtime and the otherwith a very short correlationtime. The
long correlationtime is assumed to be longer than the batch interval,
which translates the slow process into an effective bias. The short
correlation time is assumed to be shorter than the sample interval,
which makes the fast process look like white noise to the � lter.
Lacking suf� cient knowledge of the characteristics of a speci� c
magnetometer,it was deemed unnecessary,at this point of the work,
to include a Markov process with an intermediate correlation time.

The noise model for the pseudomeasurements is derived using
Eqs. (3a–4b). First, one substitutesEqs. (4a) and (4b) into Eqs. (3a)
and (3b) and forms Taylor series expansions in terms of the noise
vectors nB.k/ and ns.k/ . The resulting equations are

y1mes.k/ D BT
act.k/Bact.k/ C

BT
act.k/nB.k/

BT
act.k/Bact.k/

C O n2
B.k/

(6a)

y2mes.k/ D
OsT
act.k/Bact.k/

BT
act.k/Bact.k/

C
BT

act.k/ns.k/

BT
act.k/Bact.k/

C
OsT
act.k/

BT
act.k/Bact.k/

£ I ¡
Bact.k/BT

act.k/

BT
act.k/Bact.k/

nB.k/ C O n2
s.k/; ns.k/nB.k/; n2

B.k/
(6b)

If one neglects the higher-order terms in nB.k/ and ns.k/, then these
equations can be rewritten in the form

y1mes.k/ D y1act.k/ C n y1.k/ (7a)

y2mes.k/ D y2act.k/ C n y2.k/ (7b)

where y1act.k/ is de� ned as the � rst term on the right-hand side of
Eq. (6a), n y1.k/ is de� ned as the second term on the right-hand side
of Eq. (6a), y2act.k/ is de� ned as the � rst term on the right-hand side
of Eq. (6b), and n y2.k/ is de� ned as the sum of the second and third
terms on the right-hand side of Eq. (6b). These de� nitions of the
error terms, coupled with the statistical models of nB.k/ and ns.k/ in
Eqs. (5a–5c), can be used to deduce the following statisticalmodels
for n y1.k/ and n y2.k/:

E n y1.k/ D 0; E n y1. j/n y1.k/ D ¾ 2
B ± jk (8a)

E n y2.k/ D 0
(8b)

E n y2. j/n y2.k/ D

&$
1¡

OsT
act.k/Bact.k/

2

BT
act.k/Bact.k/

’%
¾ 2

s C ¾ 2
B

BT
act.k/Bact.k/

± j k

E n y1. j/n y2.k/ D 0 (8c)

Thus, the two pseudomeasurementshave errors that are statistically
uncorrelated. Strictly speaking, these results are valid only in the
limit of small measurement noise because linearizationswere used
to derive them.

It is helpful to rede� ne the standard deviation for ny2.k/ as

¾y2.k/ D

&$
1 ¡

OsT
mes.k/Bmes.k/

2

BT
mes.k/Bmes.k/

’%
¾ 2

s C
¾ 2

B

BT
mes.k/Bmes.k/

(9)

This differs slightly from Eq. (8b), but the difference is not signi� -
cant if the measurement errors and biases are relatively small. The
standard deviation de� nition in Eq. (9) is preferable to the original
one given in terms of Bact.k/ and Osact.k/ because the latter quantities
are never known exactly.

Models of the Pseudomeasurements
The � lter needs a model of what the measurements should be

for a given value of its estimated p vector. This section de� nes that
model.

The measurement model makes use of a spherical harmonic ex-
pansion of the Earth’s magnetic � eld. The functional form of this
spherical harmonic model is

Bsez.µ; Á; rI p; 1t/ D

&$ Bµ .µ; Á; r I p; 1t/

BÁ.µ; Á; rI p; 1t/

Br .µ; Á; rI p; 1t/

’%
(10)

where Bsez.µ; Á; rI p; 1t/ is expressed in local south–east–zenith
coordinates. The exact form of this model is given in Eqs. (3a–

3c) of Ref. 7. As denoted in Eq. (10), the � eld depends on the
geocentric position, (µ; Á; r ), and on the � eld model coef� cients
and coef� cient perturbationsin the p estimationvector.Bsez depends
directly on time because of the � eld model coef� cient rate terms,
Pq0

1; Pq1
1; Ps1

1; Pg0
1; Pg1

1, and Ph1
1 .

Note that the standard time dependenceof Bsez, found in Ref. 11,
has been omitted. The standard time dependence is used to correct
� ve-year reference � elds for predicted � eld drift that occurs over
the course of several years. In the current � lter these effects are
taken into account by direct estimation of � eld model coef� cient
corrections, thus obviating the need for the usual drift terms in the
model.
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The functionBsez.µ; Á; rI p; 1t/ can be used to computethe mod-
eled value of the � rst pseudomeasurementas a function of the esti-
mation vector and the sample time:

y1mod.1tkI p/ D BT
sez[µ.1tk; p/; Á.1tk ; p/; r.1tk; p/I p; 1tk] Bsez[µ.1tk; p/; Á.1tk ; p/; r.1tk; p/I p; 1tk] (11)

The dependence of µ; Á, and r on 1tk and p has been explicitly
presented in this formula to completely express the dependence of
y1mod on these two quantities.

The model for the y2 dependenceon1tk andp canbederivedin in-
ertial coordinates.De� ne the inertial coordinate system, also called
the celestialcoordinatesystem, as having its Cx axis in the equatori-
al planeand pointingtoward the � rst pointof Aries, its Cz axisalong
the north pole, and its Cy axis de� ned by the right-hand rule. The
transformationfrom local south–east–zenith coordinatesto celestial
coordinatestakes the functionalform Acc=sez.°0; µ; Á; 1t/, where °0

is the Greenwichhour angle at epoch.Given this transformationand
the sun unit vector in celestial coordinatesat sample instant k; Oscc.k/,
the model for the second pseudomeasurementbecomes

y2mod.1tk I p/ D
OsT
cc.k/ Acc=sez[°0; µ.1tk; p/; Á.1tk ; p/; 1tk ] Bsez[µ.1tk ; p/; Á.1tk ; p/; r.1tk ; p/I p; 1tk]

y1mod.1tk I p/
(12)

(As de� ned here, the vector Oscc.k/ depends only on time. For very
precise sun sensor measurements (on the order of 0.0037 deg for
the highest altitude orbits considered), this vector’s dependence on
spacecraft position also would need to be considered if � ltering ac-
tual � ight data.This need arisesdue to the parallaxeffect.Neglect of
solar parallax has little impact on the present simulation study, ex-
cept to make its results slightly more conservativefor very accurate
sun sensor measurements.)

D. Error Equations, Nonlinear Least-Squares Estimator,
and Statistical Interpretation

The goal of the batch � lter is to choose the p estimation vector
that best matches the pseudomeasurementsto their modeled values.
Mathematically this leads to the following system of error equa-
tions:

e1.k/ D 1

¾B
y1mod.1tk I p/ ¡ y1mes.k/. p/ ; for k D 1; : : : ; N

(13a)

e2.k/ D 1
¾y2.k/

y2mod.1tk I p/ ¡ y2mes.k/. p/

for all k D 1; : : : ; N such that (s.t.) Osmes.k/ is available (13b)

where N is the number of samples in the batch. These equations
havebeen scaledusing the standarddeviationsfor n y1.k/ and n y2.k/ to
normalize the standard deviationsof the pseudomeasurementerrors
e1.k/ and e2.k/.

The batch� lter estimatesp by computingthevaluethatminimizes
the sum of the square errors from Eqs. (13a) and (13b). In other
words, the estimate of p minimizes

J . p/ D 1
2

N

k D 1

y1mod.1tk I p/ ¡ y1mes.k/. p/

¾B

2

C 1

2
k s:t: Osmes.k/avail:

y2mod.1tk I p/ ¡ y2mes.k/. p/

¾y2.k/

2

(14)

where this cost function uses the de� nitions of y1mes.k/. p/ and
y2mes.k/. p/ given by Eqs. (3a) and (3b) and the de� nitions of
y1mod.1tk I p/ and y2mod.1tk I p/ given by Eqs. (11) and (12).

The � lter solves this nonlinear least-squaresproblem via an iter-
ative numerical technique. Each iteration uses the Gauss–Newton
method to compute a tentative search step, 1p. Next, it performs a

line search to choose a step-length rescaling, ®, that approximately
minimizes J . p C ® 1p/, subject to the constraints 0 < ® · 1. If the
nonlinearities are not strong or if the iterations are near a solution
with low residual errors, then ® D 1 will be a good scaling because
1p is the solution of a linearized least-squares problem. For other
situations, an ® in the range 0 < ® < 1 will be chosen because there
always exists an ® in this range that achieves J . p C ® 1p/ < J . p/.
The iterations repeat until it becomes impossible to make further
signi� cant decreases in J . p/. Reference 12 gives the details of this
and related numerical algorithms on pp. 133–141.

The � lter needs to compute the partial derivatives with respect
to p of y1mes.k/. p/; y2mes.k/. p/, y1mod.1tk I p/, and y2mod.1tk I p/.
These are needed to solve for 1p in the Gauss–Newton nonlinear

least-squaresolutionprocedureand to infer the error statisticsof the
p estimate. The needed partial derivatives are

@y1mes.k/

@p
D ¡ Bmes.k/ ¡ b

T @b
@p

y1mes.k/ (15a)

@y2mes.k/

@p
D ¡ OsT

mes.k/

@b
@p

y1mes.k/ ¡
y2mes.k/

y1mes.k/

@y1mes.k/

@p
(15b)

@y1mod.k/

@p
D

BT
sez

³
@Bsez

@µ

@µ

@p
C @Bsez

@Á

@Á

@p
C @Bsez

@r

@r

@p
C @Bsez

@p

´
y1mod.k/

(15c)

@y2mod.k/

@p
D OsT

cc.k/

³
@Acc=sez

@µ
Bsez C Acc=sez

@Bsez

@µ

´
@µ

@p

C
³

@Acc=sez

@Á
Bsez C Acc=sez

@Bsez

@Á

´
@Á

@p

C Acc=sez

³
@Bsez

@r
@r

@p
C @Bsez

@p

´
y1mod.k/

¡
y2mod.k/

y1mod.k/

@y1mod.k/

@p
(15d)

Note that the matrix @b=@p is a matrix with three rows. It is mostly
zeros except for three entries with a value of 1 because the elements
of b constitute three of the elements of p, see Eq. (1).
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Linearized versions of Eqs. (13a) and (13b) can be used to infer
the statistics of the error in the estimate of p. Linearized about the
estimated solution, Op, the error equations take the form
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where A is the Jacobian matrix of Eqs. (13a) and (13b) evaluated
at Op and where pact is the true value of p. Note that the y2 rows are
omitted for sample times that lack sun sensor data.

The linearized estimate of the error covariance is

Pp D E . pact ¡ Op/. pact ¡ Op/T D .AT A/¡1 (17)

This follows because the ei. j / errors have zero mean and unit vari-
ance and because Op has been derived by minimizing the sum of
the square errors in the equations.The zero-meanand unit-variance
properties of the ei. j / errors are consequencesof these errors’ de� -
nitions in Eqs. (13a) and (13b), coupled with the measurement and
statistical noise models in Eqs. (7a–9).

III. Covariance Analysis and Practical Observability
Observability of the system is equivalent to uniqueness of the

minimum of the least-squarescost function J . p/. Because this is a
nonlinear problem, the only practical observability test that can be
applied is a local one. A suf� cient conditionfor a unique localmini-
mum of J . p/ is that theHessianmatrix,d2 J /d p2 , be positivede� nite
(Ref. 12, pp. 63–65). The measurementresiduals,i.e., the remaining
errors at the minimum, are normally very small; therefore, it can be
shown that d2 J /d p2 »D AT A (Ref. 12, p. 134). The matrix AT A is the
observability Gramian for a linearized discrete-time model of this
system.13 Because AT A is a squared matrix, it is positive de� nite if
and only if it is nonsingular.Thus, observabilityof this system can
be proved by proving that the matrix AT A is nonsingular.

Practicalobservabilitydependson thedistanceof AT A away from
singularity.Distance is a relative notion that changes with problem
scaling. Therefore, a better measure of observability is the error
covariance of the estimated vector Pp D .AT A/¡1 . If the standard
deviations, the square roots of the diagonals of Pp , are small in a
problem-dependentsense, then the system is practicallyobservable.
Therefore, the standard deviations of the magnetometer biases and
of the magnetic � eld model corrections will be used as practical
measures of these quantities’ observability.

Actual spacecraftpositionstandarddeviationsarebettermeasures
of practical orbit observability than are the standard deviations of
the Kepler elements and the drag term. The spacecraft’s instanta-
neous position standard deviation can be inferred from Pp , in a
linearized sense, via application of the chain rule and of the de� ni-
tion of covariance.Equations (11) and (12) of Ref. 7 give a method
for inferring the along-track/cross-track/altitude covariance matrix

at a particular time as a function of Pp and Op. Three good measures
of practical orbit observabilityare the maxima, taken over the batch
time interval, of the standard deviations of the three position error
components.

IV. Testing Against a Simulated Truth Model
A. Comparison of Filter Outputs with Truth Model Values

The proposedsystemhasbeenstudiedusingsimulateddata froma
truthmodel.The truthmodelcontainsdynamics,measurements,and
sensor noise. It produces simulated magnetometer and sun sensor
data. This data is generated by using truth values for the Kepler
elements, the drag parameter, the magnetometerbiases, and the � eld
model coef� cients, which constitute a truth value of the estimation
vector ptruth. The simulated output data is then fed into the � lter,
which produces an estimate of the truth model’s orbit and � eld.

Filter performance can be evaluated by comparing the truth
model’s orbit and � eld to the � lter’s estimate of these quantities.
Individual cases can be compared, or statistical comparisons can
be made via Monte Carlo analysis. The present study uses only in-
dividual case comparisons. All of the statistical processes that are
consideredcan be analyzedvia covarianceanalysis,which has been
described already. Therefore, Monte Carlo analysis, with its com-
putational burden, is not needed. Comparison of individual cases
reveals the amount of error that is caused by the systematic effects,
which are considered in the present study.

Several types of comparisons are made between truth model val-
ues and the � lter output. The estimated orbit is compared with the
truth model orbit in terms of along-track, cross-track, and altitude
error as observed in the local coordinate system attached to the
truth-model spacecraft position. These errors are determined from
an analysis that uses the truth-modelvaluesand the estimatedvalues
of the Kepler elements and the drag parameter. The magnetometer
biasesand the � eld model coef� cient perturbationsare compareddi-
rectly. Additionally, the inertial direction of the estimated magnetic
� eld at the estimated spacecraft location is compared with the in-
ertial direction of the truth-model magnetic � eld at the truth-model
spacecraft location.

B. Truth Models of Orbit and Attitude Dynamics
The truth model of the orbitaldynamicsuses the same model as is

used in the � lter. The truth model uses the truth values of the Kepler
elements M0; M1; e; !0; ¸0, and i and the truth value of the drag
parameter M2. These are given in the ptruth vector. These values are
input to Eqs. (2a–2c) to generatethe truth-modelspacecraftposition
time history.

Often, a truth model’s dynamics will include random process
noise, a more accurate physical model than the � lter’s dynamic
model, or both. This is done to test whether the � lter’s proposed
dynamic model is suf� ciently accurate to achieve the projected per-
formance. In the present case, it is assumed that it would be possible
to incorporate a suf� ciently accurate dynamic model into the � lter,
as the research in Ref. 1 suggests, so that dynamic model � delity
limitations would not signi� cantly impact � lter accuracy for real
� ight data. Because of this assumption, time and effort has not been
devoted to development of a truth model that could explore this
issue. Of course, the validity of this assumption will need to be
evaluated in the future by testing the � lter with real � ight data.

The � lter’s pseudomeasurementsare independentof attitude, yet
the spacecraft’s attitude dynamics might affect the observabilityof
the system and, therefore, the accuracy of the � lter. The spacecraft
attitudeaffects the orientationof the spacecraft-�xed magnetometer
axes with respect to the � eld and with respect to the sun vector.
The estimated magnetometer biases are de� ned along these axes;
therefore, their observability might be affected by the attitude time
history of the spacecraft. Also, the sun is detected by a sun sensor
onboard the spacecraft. Sun sensors normally have a limited � eld
of view. Depending on the attitude time history, the sun might be
outsideof that � eld of view some of the time, which means that sun
measurements would not be available at those times.

Two different types of attitude time history have been used in the
truth model. One is for a nadir-pointing spacecraft. In this model
one axis of the spacecraft body is always pointing along (negative)
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orbit normal, one is nominally pointing toward nadir, and the other
is nominally pointing along the velocity vector. The other attitude
dynamics model is that of a spin-stabilized spacecraft. In this case
the spin axis is assumed to be sun pointing. Both attitude dynam-
ics models produce a transformation from celestial coordinates to
spacecraft coordinates, Asc=cc.1t/, that is a function of time.

C. Truth Models of Measurements
Each truth-modelmagnetometermeasurementis constructedby a

multistep process. First, the truth model spacecraft position coordi-
natesµk ; Ák , and rk are computedfor sample time 1tk by substituting
1tk and the ptruth Kepler elements and drag parameter into Eqs. (2a–

2c). Next, these position components, 1tk , and ptruth are input into
Eq. (10) to determine the truth value of the � eld in south–east–
zenith coordinates, Bsez.k/. Third, the values µk and Ák , the Green-
wich hour angle at epoch °0 , and the sample time 1tk are used to
compute the truth value of the transformation from local south–

east–zenith coordinatesto celestial coordinates,Acc=sez.k/. Next, this
transformation is used with the truth-model attitude transformation
at time 1tk , Asc=cc.k/ , to transform Bsez.k/ into spacecraft coordi-
nates: Bsc.k/ D Asc=cc.k/Acc=sez.k/Bsez.k/. Finally, a random noise vec-
tor and the truth values of the magnetometer bias vector are added
to Bsc.k/ to yield the truth-model magnetometer measurement vec-
tor: Bmes.k/ D Bsc.k/ C btruth C nB.k/, where nB.k/ is the random vector
whose statistics are de� ned in Eq. (5a).

There are two types of errors between the truth model magnetic
� eld and the � lter’s initial guess of the Earth’s magnetic � eld. First,
Bsez is affected by the truth values of the � eld model coef� cient
perturbations contained in ptruth. Second, the truth magnetic � eld
model may contain terms beyond those of the � lter. For many cases
considered,the � lter used a 10th-degree,10th-order� eld model, but
the truth model used a 13th-degree,13th-ordermodel. This addition
of higher-order terms to the spherical harmonic model of the � eld
constitutesa systematic error between the truth model and the � lter.

The truth model of the sun sensor measurements includes noise
and considers eclipse by the Earth and the � nite width of the sun
sensor � eld of view. The truth model � rst computes the spacecraft’s
Cartesian position in inertial coordinates by using the truth quan-
tities rk and Acc=sez.k/. This position and the sun direction vector in
celestial coordinates, Oscc.k/, are used to determinewhether or not the
sun is visible or eclipsed by the Earth. If visible, then the sun mea-
surement vector is computed by using the truth model spacecraft
attitude to calculate Ossc.k/ D Asc=cc.k/ Oscc.k/ and a random noise vector
to determine Osmes.k/ D .Ossc.k/ C ns.k//=kOssc.k/ C ns.k/k. The statistics
of ns.k/ are de� ned by Eq. (5b) with Osact.k/ replaced by Ossc.k/ in that
equation’s covariance de� nition. Once Osmes.k/ has been computed,
the truth model checks whether it falls within the � eld of view of the
sun sensor,which is de� ned by a center-of-�eld vector in spacecraft
coordinates and by a � eld radius in degrees. If Osmes.k/ falls within
this � eld of view, then it is recorded as a measurement; otherwise,
no sun sensor measurement is recorded.

V. Results
A. Covariance-Based Practical Observability of Various Cases

The system has proved observable in many important cases. It is
theoreticallyobservablein all situations except that of an orbit with
zero inclination and zero eccentricity. It is practicallyobservable in
most situations that are suf� ciently far away from having zero incli-

Table 1 Orbit, � eld coef� cient, and bias standard deviations as functions of orbital parameters

Max. component ¾Apogee altitude, Perigee altitude, Max. ¾ of Max. ¾ of
Case i , deg km km A-T, m C-T, m Altitude, m 1st-deg � eld, nT magnet. bias, nT

1 88.1 585 515 379 206 90 1.9 0.7
2 75.0 585 515 415 250 98 2.0 0.7
3 45.0 585 515 560 381 116 6.3 1.2
4 30.0 585 515 761 579 149 38.4 1.7
5 15.0 585 515 1326 1160 216 1.29£ 103 2.1
6 75.0 3200 500 607 616 178 2.9 0.7
7 75.0 3200 3100 1531 1214 405 6.6 0.9
8 1.0 3200 500 4410 3724 531 1.43£ 104 1.0

nation and zero eccentricity. These results are like those presented
in Ref. 7, where there was 3-axes star sensor data available to the
batch � lter.

The dependence of system estimation standard deviations on or-
bit parameters has been extensively investigated. A sequence of
cases has been considered, all of which respect the following set
of assumptions: The � lter estimates coef� cient corrections for a
10th-degree,10th-order� eld model. The spacecraftis spinningwith
a spinperiodof 50.235s and is sunpointed.The magnetometeraccu-
racy is 10-nT 1-¾ for the randomwhite noise component; the biases
can be much larger because they get estimated. The sun sensor ac-
curacy is 0.005-deg 1-¾ , and this error source is primarily random
white noise. The intersample interval is 1tk ¡ 1tk ¡ 1 D 60 s, and
the total numberof samples is N D 1441; this means that each batch
contains one full day’s worth of data. The relationship between the
sun’s inertial direction and the longitude of the orbit’s ascending
node is such that the spacecraft can experience eclipse. The eclipse
may be as much as 37% of the orbit for some inclinationsand orbital
altitudes.

Various estimation error standard deviations for these cases are
presented in Table 1 as functions of orbital parameters. The second
through fourth columns of Table 1 give the orbital characteristics
for the case, inclination,apogee height, and perigeeheight.The next
three columns give the maximum position standard deviations dur-
ing the batch interval,where A-T stands for along track and C-T for
cross-track. The eighth column gives the maximum of the standard
deviations of the three � rst-degree � eld model coef� cient correc-
tions, 1g0

1 ; 1g1
1 , and 1h1

1 . The last column gives the maximum of
the standard deviations of the three magnetometer biases, bx ; by ,
and bz .

Table 1 demonstrates the effect of inclination, eccentricity, and
altitude on observability. Practical observabilitydecreases with in-
clinationas evidencedby cases1–5. All � veof the tabulatedstandard
deviationsincreaseas inclinationdecreases.Observabilitydecreases
with increased altitude, as evidenced by cases 2 and 7. Eccentricity
helps observability. Otherwise, the standard deviations of case 8,
which has a very low inclination but signi� cant eccentricity,would
have been much higher.

These results are similar to what was found in Ref. 7, where data
from a 3-axes star sensor were assumed to be available to the � lter.
One would expect the results in Ref. 7 to be at least as good as the
present results. This is generally the case, but the results in Ref. 7
are better only by a factor of about 2 or less. The present results are
remarkable because they derive from one axis less of attitude data
and from an attitude sensor that is less accurate by a factor of 9.
(There is one axis less of attitude data because Ref. 7 assumed the
availabilityof 3-axes star sensor data, but the current study assumes
that attitudedata is availableonlyfroma sun sensor.The spacecraft’s
rotation about the sun vector is the lost component of orientation
information.The measured magnetic � eld vector does not provide a
third axis of attitudeinformationfor purposesof orbit determination
because the � eld model and its inertial direction remain uncertain
until after the � lter has found its solution.)

As an illustrationof the types of results that the covariance anal-
ysis produces, Fig. 1 presents three time histories of position com-
ponent estimationerror standarddeviations.These plots correspond
to case 2 in Table 1. The epoch time for this case corresponds to
the start of the batch interval, which occurs at 1t D 0 in Fig. 1.
Recall that these standard deviations are inferred by propagating
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Table 2 Orbit, � eld coef� cient, and bias standard deviations as functions of sun sensor accuracy

Max. component ¾
¾s , Max. ¾ of Max. ¾ of

Case deg A-T, m C-T, m Altitude, m 1st-deg � eld, nT magnet. bias, nT

1 0.0005 404 244 97 2.0 0.7
2 0.005 415 250 98 2.0 0.7
3 0.05 795 498 198 3.9 1.1
4 0.25 1396 2104 404 8.8 1.6

Fig. 1 Time histories of estimation-error standard deviations of three
position components for a representative case.

Fig. 2 Standard deviations of estimation errors of � eld model coef� -
cients for a representative case.

the covariancesof the Kepler elements through various (linearized)
geometric transformations.The data in columns 5–7 of Table 1 are
the maximum values of each of these three curves, maximized over
the batch interval. One can see that the along-track standard devia-
tion has a secular component.This is the result of uncertainty in the
estimated orbital period and drag term.

Figure 2 presents the standard deviations of the � eld coef� cient
errors in an estimated p vector. These particular covariance results
correspond to case 2 of Table 1. These standard deviations are for
elements 11–139 of p. The standard deviations are plotted vs the
element number; i.e., Fig. 2 plots

p
. pp/ j j vs j for j D 11–139

(D dimf pg). The secular rate standard deviations (the ¾ associated
with, e.g., Pq0

1 and Pg1
1 ) have been multiplied by the batch duration

(1tN ¡ 1t1 ) beforebeingplotted;thisgives theireffectsin nanotesla
at the end of the interval.

The point of Fig. 2 is to show the accuracywith which the various
� eld model corrections can be estimated by the batch � lter. As can
be seen, this � lter’s ability to estimate � eld perturbations is good
for low spherical harmonic degrees, but � eld correction accuracy
degrades for higher degrees. Recall from Eq. (1) that the spherical
harmonic degree of the correction terms increases as the element
number of the p estimation vector increases. This decrease in � eld

model accuracy with increased degree is different from the results
of Ref. 7. In that study, if inclination and eccentricity were not too
close to zero, then the � eld model coef� cients could be estimated
accurately for all degrees and orders in the model.

The effect of the availabilityof the sun has also been investigated.
Another case has been run that is like case 2 in Table 1. The only
difference is that the sun is never in eclipse behind the Earth. For
this case the three maximum standard deviations of the position
error components are 781-m along track, 138-m across track, and
158 m in altitude. This is surprising. Intuition suggests that the
availability of more data should increase accuracy, but along-track
and altitudeaccuracyactuallydecrease.Presumably, this is an effect
of the change in geometry between the orbit normal vector and the
sun observation vector.

Another variable that is related to sun availabilityis the type of at-
titude dynamics that the spacecraft has. A nadir-pointingspacecraft
with a limited sun sensor � eld of view will collect less sun direction
data than a properly designed sun-pointing spin-stabilized space-
craft. This study considereda nadir-pointingspacecraftmodel with
a 128-deg-diam sun sensor � eld of view. It consistently achieved
poorer position error standard deviations than the spin-stabilized,
sun-pointing spacecraft. For the nadir-pointingspacecraft in an or-
bit like that of case 2 in Table 1, the � lter’s maximum position
standarddeviationsare: 908-m along track, 319-m across track, and
352 m in altitude, which is obviously worse than the sun-pointing
case that is given in Table 1. This comparison typi� es many other
cases: position standard deviations can increase by factors as large
as 4 when going to a nadir-pointingspacecraftwith a 128-deg-diam
sun sensor � eld of view. It has not been determined whether or not
this effect has more to do with the geometry of the magnetometer
bias estimates or with the change in the amount of available sun
sensor data, but the latter is suspected to be the case.

The sensors’ accuracies have a direct impact on the � lter’s pre-
dicted standard deviations. It is obvious that more accurate sensors
would yield lower predicted standard deviations, but the relative ef-
fects of the two sensors’standarddeviationsis less obvious.A series
of cases has been run, each of which is like case 2 of Table 1 except
that the sun sensoraccuracy¾s has beenvaried.The resultsare given
in Table 2. Table 2 shows that the nominal sun sensor accuracy of
¾s D 0:005 deg is well matched with the magnetometer accuracy
that has been used for all of these cases, ¾B D 10 nT. More sun sen-
sor accuracy yields very little position accuracy improvement, but
less sun sensor accuracy degrades the � lter’s performance.

The length of the � ltering intervalaffects the positionaccuracy.A
case has been run that is like case 1 of Table 1, except that the time
between samples has been lengthened from 60 to 120 s. This means
that two days’ worth of data are used instead of one day’s worth.
The maximum position standard deviationsfor this case are: 262-m
alongtrack,204-macrosstrack,and 86m in altitude.This represents
a 31% reduction in the peak along-track standard deviation. The
othertwo standarddeviationsare reducedonlymodestly.This along-
track accuracy improvement can be traced to increased accuracy
of the estimates of the Kepler elements M0 and M1 and draglike
parameter M2.

To illustrate the usefulness of the proposed system, a simula-
tion of a typical spacecraft case has been run. This case was de-
signed to correspond to the ALEXIS spacecraftmission as much as
possible.14 The nominal ALEXIS orbit has an apogee of 830 km,
a perigee of 740 km, and an inclination of 70 deg. The ALEXIS
� ne sun sensor has an advertised accuracy of 0.05 deg. A magne-
tometer accuracyof 10 nT was assumed for this case to increase the
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likelihood of achieving good results. ALEXIS is a spin-stabilized
spacecraft whose spin axis points (roughly) toward the sun. The
batch � lter used one day’s worth of simulated data sampled at 60-s
intervals, as in most other cases consideredhere. The maximum po-
sition standard deviations achieved for this case were: 899-m along
track, 570-m across track, and 224 m in altitude. These standard
deviations place the 3-¾ position accuracy well within the 5-km
speci� cation that was set for orbit knowledge on this mission. If
ALEXIS had been equipped with an accurate magnetometer and
if its spacecraft-generated� elds had been well calibrated, then the
proposedsystem might havebeen able to serve as ALEXIS’ primary
orbit determination system.

B. Comparisons with Truth Model Outputs
Various issues have been investigated by � ltering data from the

truth model and comparing the � lter’s estimated p vector with the
truth value of p. Although true Monte Carlo analysis has not been
done, truth model comparisons have been used to verify, in an ap-
proximatemanner, the resultsof the covarianceanalysis.In all cases
where only random errors were present, the highest ratio of an ac-
tual error to a precomputed standard deviation was 2.48. Thus, the
3-¾ rule, when appliedusing the predictedstandarddeviationsfrom
the covariance analysis, proved suf� cient to bound the worst-case
errors.

The effect of truncation of the � eld model has been investigated
by truth-model/� lter comparison. Four different � lters have been
considered, all operating on data from a simulated orbit like that
of case 2 in Table 1. Each used a 10th-degree, 10th-order model
of the Earth’s magnetic � eld, but each estimated corrections for a
different number of the coef� cients in its � eld model. One esti-
mated corrections only up to the 7th degree and 7th order, another
up to 8th degree and 8th order, a third up to 9th degree and 9th
order, and the fourth estimated correctionsfor all of the coef� cients
up to 10th degree and 10th order. The truth model’s � eld was a
13th-degree/13th-orderspherical harmonic model. Thus, it differed
from each of the � lters’ models for the 11th–13th degree and order
terms. For the lower-order terms, the truth model had randomerrors
between its coef� cients and the � lters’ a priori coef� cients. These
random errors had a normal distribution with a standard deviation
of 1% of the nominal coef� cient value. The � lters were not given a
model of these error sources. Random magnetometer and sun sen-
sor errors were included, but their standard deviations,¾B D 0:1 nT
and ¾s D 5 £ 10¡5 deg, were small enough to make their effects
negligible.

Omission of higher-degree� eld-model correctionestimates does
not signi� cantly affect orbit determination accuracy. For example,
the maximumalong-trackerrorsbetween the � lters’estimatedorbits
and the truth-model orbits were 328, 381, 378, and 319 m for the
four respective � lters, i.e., for the 7th-, 8th-, 9th-, and 10th-degree
and -order � lters. The results are similar for the other position error
components’ peak values. Thus, the � lter’s position error is not
degraded seriously if � eld model corrections are estimated only up
to 7th degree and 7th order.

This result is consistent with Fig. 2, which shows that the � lter
does a poorer job of estimatinghigher-degreeand higher-order� eld
model coef� cient corrections. It stands to reason that if the � lter
cannot estimate a quantity very accurately then it will not do much
worse if it uses an a priori estimate for that quantity. A reduction
to 7th-degree and 7th-order corrections greatly reduces the num-
ber of elements in the p estimation vector, from 139 to 82. This
reduction speeds computer execution times and reduces memory
requirements.

There is a possiblesidebene� t to simultaneousorbitand magnetic
� eld model estimation. This bene� t is an improvement of the mod-
eled inertial direction of the Earth’s magnetic � eld. Using currently
availablemodelsof theEarth’s magnetic� eld, the � eldmodel’s local
inertial direction may be wrong by as much as 0.4 deg or more, as-
suminga 300-nT� eld erroranda 40,000-nT� eld strength.In each of
the comparisonswith the truthmodel, the estimatedand truth-model
inertialdirectionsof the Earth’s magnetic � eld have been compared.
The results are very encouraging.For simulations correspondingto
the cases listed in Table 1 and with a 13th-degree/13-order truth

� eld model, the maximum inertial direction error of the estimated
� eld was 0.11 deg. If cases 5 and 8 had been eliminated because of
their poorer general observability due to low inclination, then the
maximum inertial direction error of the � eld would have been just
0.08 deg. Similar accuracyhas been achievedby � lters that estimate
� eld model coef� cient correctionsonly up to the 7th degree and 7th
order.

This � eld direction accuracy opens up the possibility of chang-
ing standard attitude determination systems. These improved � eld
model accuracies are comparable to those of standard Earth limb
detectors.14 Therefore, it might be possible to � y a spacecraft with
only a magnetometer and a sun sensor. These two sensors could be
used to estimate both orbit and attitude.The attitude estimate could
be accurate to better than 0.1 deg on all three axes. Of course, this
analysis presupposes a spacecraft with an accurate magnetometer
that is remote fromsourcesof largeunmodeledspacecraft-generated
� elds.

C. Comparisons with Simpli� ed Filters
Comparisons with simpler � lters have been carried out to deter-

mine how the current � lter achieves improvements. In comparison
to the � lter in Ref. 6, the current � lter adds two features: the inclu-
sion of sun sensor data and the estimation of � eld model coef� cient
corrections. Reference 8 found that inclusion of attitude data alone
can improve some aspects of � lter performance. Therefore, there
is a question about the current � lter: how much of its accuracy im-
provementcomes from addingsun sensordata and how much comes
from estimating � eld model coef� cients?

This questionhas been answered by � ltering truth-modeldata us-
ing two simpli� ed � lters.One � lterwas the sameas describedearlier,
except that it did not estimate any � eld model coef� cient perturba-
tions. In this case the length of the p estimation vector was only 10.
In the second case, the � lter was further simpli� ed by discarding
the sun sensormeasurementsso that the y2 pseudomeasurementwas
not used. This latter � lter was equivalent to the batch � lter of Ref. 6.
In both of these cases the truth model had a 13th-degree/13th-order
� eld, and the � lter used a 10th-degree/10th-order � eld. Where ap-
plicable, the � lter’s � eld model coef� cients were set to be different
than the corresponding coef� cients of the truth model. These dif-
ferences were random and normally distributed and had a standard
deviation equal to 1% of the nominal coef� cient’s magnitude. To
account for the increased uncertainty in the Earth’s � eld, the value
of ¾B was increased to 200 nT in both � lters. The cases that were
run corresponded to the orbital conditions of case 1 in Table 1.

Both simpli� ed � lters showed signi� cantly poorer performance
than the � lter that has been developed in this paper. The � rst � lter,
the one that used sun sensor data without estimating � eld model
corrections, had the following peak position errors: 7600-m along
track, 2300-m across track, and 1100 m in altitude. The � lter that
used only magnetometer measurements did even worse. Its peak
position errors were: 13,100-m along track, 14,800-m across track,
and 800 m in altitude.

These results show that the addition of attitude data reduces the
total positionerror by a factor of about 2. The attitudedata produces
its largest improvement in the determination of the orbital plane,
which yieldsbetter cross-trackaccuracy.This is roughly the same as
what was found in Ref. 8 for the gamma ray observatoryspacecraft.

These results show that it is important to add � eld model coef� -
cientcorrectionsto the � lter’s estimationvector.To see this, compare
the results for case 1 of Table 1 with the preceding results that use
sun sensor measurements but no estimation of � eld model correc-
tions. Suppose that the predicted maximum errors are three times
as large as the standard deviations listed in case 1 of Table 1, i.e.,
assume 3-¾ limits. Then, for the simulation case considered in this
section, the eliminationof � eld coef� cient correctionsincreased the
maximum position componenterrors by factors ranging from 3.7 to
6.7, and the total position error was increased by a factor of about
6.7.

VI. Computational Issues
The issues of computer memory requirements, required compu-

tation time, and convergence robustness are important to consider
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as gauges of the proposed � lter’s practicality. All experience re-
ported here is for runs on a 100-MHz Pentium using Fortran. The
memory requirements depend on the size of the p estimation vec-
tor. Care has been taken to use memory in an ef� cient manner by
processingdata recursively in small batches rather than in one large
batch. Double precision variables have been used throughout. The
� lter’s executableprogram and data storage occupied the following
amounts of memory: 544 kbytes for 10th-degree/10th-order � eld
model corrections,475 kbytes for 9th-degree/9th-ordercorrections,
419 kbytes for 8th-degree/8th-ordercorrections,and 374 kbytes for
7th-degree/7th-order corrections.

The solution speed depends on the dimension of the p estimation
vectorand on the accuracyof the � rst guess. It makes the most sense
to talk about the execution time per major Gauss–Newton iteration.
The problem would be solvable in just one such iteration if it were
linear. Multiple iterations are required to minimize the nonlinear
least-squarescost function. The computation time per iteration was
56 s per iteration for the � lter with 10th-degree/10th-order � eld
model corrections,37 s for the � lter with 9th-degree/9th-order cor-
rections, 27 s for the 8th-degree/8th-order � lter, and 21 s for the
7th-degree/7th-order � lter.

The number of Gauss–Newton iterations required to solve for
the estimate from a given set of data depended on the goodness
of the initial guesses of the orbit, the magnetometer biases, and
the � eld model. Almost all runs were started with random initial
errors in the biases between §300 nT and with random � eld model
coef� cient errors distributed normally with a standard deviation of
1% of the nominal coef� cient value. Typical runs had initial rms
total positionerrors in the range160–310 km and convergedin 3–13
Gauss–Newton iterations.The worst initial position error for which
successful convergence was achieved was 1420-km rms. This case
took 9 Gauss–Newton iterations to converge.One case with an rms
initial position error of 560 km took 20 Gauss–Newton iterations to
converge.Convergencewas slowedbyanad-hocfeatureof the least-
squares solver that limited absolute step sizes in hopes of avoiding
convergence to erroneous local minima.

Convergence robustness has been demonstrated by the ability to
converge from 1400-km rms initial position error. This is about as
good as the convergencethat was obtained in Ref. 8. Computational
experienceindicatesthat convergencefrom larger initialerrorsprob-
ably is feasible if the orbit parameterization is changed from Kep-
lerian elements to something that does not have singularities. The
Kepler singularities, such as the one at zero eccentricity, can cause
there to be multiple local minima of the least-squarescost function.

VII. Conclusions
A batch � lter has been designed to estimate the orbit of an LEO

spacecraft,and its performancehas been analyzed. The only sensor
data that this � lter needs are the measurements from a 3-axes mag-
netometer and from a sun sensor, both onboard the spacecraft. The
� lter also estimates the magnetometer’s biases and corrections to a
spherical harmonic model of the Earth’s magnetic � eld.

The positionaccuracy that the � lter can achievemay be suf� cient
for many real spacecraft missions. Three-sigma accuracies on the
order of 1500 m or smaller are predicted for LEO orbits with in-
clinations of 45 deg or more. These position accuracies depend on
a number of factors. The sensor accuracies directly in� uence the

result; the results assume a per-axis 1-¾ magnetometer accuracy of
10 nT excludingbiases and a 1-¾ sun sensor accuracy of 0.005 deg.
The spacecraft position accuracy degrades for inclinations below
45 deg. Accuracy also degrades as altitude increases.

A side bene� t of the proposed system is increased accuracy of
magnetometer-basedattitude determination. The estimated correc-
tions of the Earth’s magnetic � eld model reduce the uncertainty in
the inertial direction of this vector. Field direction accuracieson the
order of 0.1 deg or better are predicted for the proposed system.

The proposed � lter opens the possibility for a relatively inexpen-
sive and effectivecombinedattitudeand orbitdeterminationsystem.
The only sensors would be a sun sensor and a magnetometer. The
proposedsystem may be able to determineposition to within 1.5 km
and attitude to within 0.1 deg.

References
1Tapley, B. D., Ries, J. C., Davis, G. W., Eanes, R. J., Schutz, B. E.,

Shum, C. K., Watkins, M. M., Marshall, J. A., Nerem, R. S., Putney, B. H.,
Klosko, S. M., Luthcke, S. B., Pavlis, D., Williamson, R. G., and Zelensky,
N. P., “Precision Orbit Determination for TOPEX/POSEIDON,” Journal of
Geophysical Research, Vol. 99, No. C12, 1994, pp. 24,383–24,404.

2Chory, M. A., Hoffman, D. D., and LeMay, J. L., “Satellite Autonomous
Navigation—Status and History,” Proceedings of the IEEE Position, Loca-
tion, and Navigation Symposium (Las Vegas, NV), Inst. of Electrical and
Electronics Engineering, New York, 1986, pp. 110–121.

3Tai, F., and Noerdlinger, P. D., “A Low Cost Autonomous Navigation
System,” Proceedings of the Annual Rocky MountainGuidance and Control
Conference (Keystone, CO), American Astronautical Society, San Diego,
CA, Feb. 1989, pp. 3–23 (AAS Paper 89-001).

4Psiaki, M. L., and Martel, F., “Autonomous Magnetic Navigation for
Earth Orbiting Spacecraft,” Proceedings of the 3rd Annual AIAA/USU Con-
ference on Small Satellites (Logan, UT), Utah State Univ., Logan, UT, 1989.

5Hicks, K. D., and Wiesel, W. E., Jr., “Autonomous Orbit Determination
System for Earth Satellites,” Journal of Guidance, Control, and Dynamics,
Vol. 15, No. 3, 1992, pp. 562–566.

6Psiaki, M. L., Huang, L., and Fox, S. M., “Ground Tests of
Magnetometer-Based AutonomousNavigation (MAGNAV) for Low-Earth-
Orbiting Spacecraft,” Journal of Guidance, Control, and Dynamics, Vol. 16,
No. 1, 1993, pp. 206–214.

7Psiaki, M. L., “Autonomous Orbit and Magnetic Field Determination
Using Magnetometer and Star Sensor Data,” Journal of Guidance, Control,
and Dynamics, Vol. 18, No. 3, 1995, pp. 584–592.

8Shorshi, G., and Bar-Itzhack, I. Y., “Satellite Autonomous Navigation
Based on Magnetic Field Measurements,” Journal of Guidance, Control,
and Dynamics, Vol. 18, No. 4, 1995, pp. 843–850.

9Wiegand, M., “Autonomous Satellite Navigation via Kalman Filtering
of Magnetometer Data,” Acta Astronautica, Vol. 38, Nos. 4–8, 1996, pp.
395–403.

10Wu, S. C., Yunck, T. P., and Thornton,C. L., “Reduced-Dynamic Tech-
nique for Precise Orbit Determination of Low Earth Satellites,” Journal of
Guidance, Control, and Dynamics, Vol. 14, No. 1, 1991, pp. 24–30.

11Langel, R. A., “The Main Field,” Geomagnetism, edited by J. A.
Jacobs, Vol. 1, Academic, New York, 1987, pp. 249–512.

12Gill, P. E., Murray, W., and Wright, M. H., Practical Optimization,
Academic, New York, 1981.

13Kailath, T., Linear Systems, Prentice–Hall, Englewood Cliffs, NJ, 1980,
pp. 615–618.

14Psiaki, M. L., Theiler, J., Bloch, J., Ryan, S., Dill, R. W., and Warner,
R. E., “ALEXIS Spacecraft Attitude Reconstruction with Thermal/Flexible
Motions Due to Launch Damage,” Journal of Guidance, Control, and Dy-
namics, Vol. 20, No. 5, 1997, pp. 1033–1041.


